The Euclidean group E(3) is the Lie group of orientation-preserving isometries of three-dimensional Euclidean space. It is the noncompact, semidirect product group
I. INTRODUCTION

The Euclidean group E(3) is the noncompact, semidirect product group E(3) ∼ = SO(3) R
3 . It is the Lie group of orientation-preserving isometries of three-dimensional Euclidean space. The Euclidean algebra e(3) is the complexification of the Lie algebra of E (3) . E(3) has found significant applications in physics. For instance, its representations play an important role in the representation theory of the Poincaré group. 8 E(3) appears in the study of crystallographic groups of physics, which are subgroups of E(3). Fock 5 showed that E(3) is the symmetry group of the zero-energy solutions of the Schrödinger equation for the hydrogen atom. The group has also been studied outside of physics or mathematics. It is used, for instance, in the mathematical description of robotic manipulations. 9 In this article, we classify the embeddings of the Euclidean algebra e(3) into the simple Lie algebra sl(4, C). We show that, up to conjugation by elements of SL (4, C) , there are three inequivalent embeddings.
Such a classification is not only mathematically interesting in its own right, but has considerable significance in the study of the representation theory of e(3): the indecomposable representations of e(3) have not been classified, but one can hope to classify certain families of indecomposable representations. One particular approach is to study irreducible representations of simple Lie algebras, in the present case sl(4, C), restricted to e(3) under a particular embedding and determine which of these irreducible representations remain e(3)-indecomposable. Each equivalence class of embeddings may produce a new family of indecomposable e(3)-representations.
This direction of research has been pursued, for instance, by Douglas and Premat, 3 who show that irreducible sl(3, C)-modules remain e(2)-indecomposable, and later in a tour de force by Casati et al. 2 who established that irreducible sl(3, C) and sp(4, C)-modules remain indecomposable modules of the Diamond Lie algebra under appropriate embeddings. The Diamond Lie algebra is a central extension of the Poincaré Lie algebra in two dimensions.
The article is organized as follows. In Sec. II we describe the basis and commutation relations of e(3). Section III records information about the simple Lie algebra sl(4, C) and its irreducible a) Electronic mail: adouglas@citytech.cuny.edu. b) Electronic mail: repka@math.toronto.edu.
representations that will be employed in the following sections. In Sec. IV we give a classification of the embeddings of so(3) C into sl(4, C), which will be used in the following section. In Sec. V we define two classes of embeddings of e(3) into sl(4, C), the "geometric" and the "spinor" embeddings. In Sec. VI, we classify the geometric embeddings (there are two), and in Sec. VII, we find that there is only one spinor embedding. In Sec. VIII, as an application of this classification, we show that the sl(4, C) irreducible representations V (m, 0, 0) and V (0, 0, m) remain e(3)-indecomposable under the geometric embeddings. This complements the analogous result (proved in Ref. 4 ) for spinor embeddings.
II. THE EUCLIDEAN ALGEBRA e(3)
The Euclidean algebra e(3) is the complexification of the Lie algebra of the Euclidean Lie group E(3). For a more detailed discussion of E(3) and the calculation of its Lie algebra, we refer the reader to Hall. 6 The Euclidean algebra e(3) has basis H, X + , X − , P 0 , P + , P − , and nonzero commutation relations
(1) One can easily see that H, X + , X − ∼ = sl(2, C) ∼ = so(3) C and that P 0 , P ± is an abelian ideal of e(3).
III. THE SIMPLE LIE ALGEBRA sl(4, C) AND ITS IRREDUCIBLE REPRESENTATIONS
The special linear algebra sl(4, C) is the 15-dimensional Lie algebra of traceless 4 × 4 matrices with complex entries. It is the simple Lie algebra of type A 3 . Let E i, j denote the 4 × 4 matrix whose (i, j)-entry is one and all other entries are zero. Then, {x i , y i , h j , 1 ≤ i ≤ 6, 1 ≤ j ≤ 3} is a Chevalley basis of sl(4, C), where x i = E i,i+1 , y i = E i+1,i , and h i = E i,i − E i+1,i+1 for 1 ≤ i ≤ 3 and x 4 = −E 1,3 , x 5 = −E 2,4 , x 6 = E 1,4 , y 4 = −E 3,1 , y 5 = −E 4,2 , and y 6 = E 4,1 .
Let A be the Cartan matrix of type A 3 ,
Define, for i = 1, 2, or 3, α i , i ∈ h * by α i (h j ) = A ji , and i (h j ) = δ i j . For each λ = m 1 1 + m 2 2 + m 3 3 ∈ h * with nonnegative integers m 1 , m 2 , and m 3 , there exists a finite dimensional irreducible sl(4, C)-module V (m 1 , m 2 , m 3 ), which can be realized as the quotient of the universal enveloping algebra U(sl(4, C)) by the left ideal J λ , generated by 
IV. EMBEDDINGS OF THE LIE ALGEBRA so(3) C INTO THE SIMPLE LIE ALGEBRA sl(4, C)
The adjoint representation of e(3) can be restricted to the subalgebra so(3) C to give a sixdimensional representation. The subalgebra so(3) C acts as the so(3) C adjoint representation on itself, i.e., as a copy of V 1 . (Note that if j is a nonnegative half-integer, we write V j for the irreducible representation of so(3) C of dimension 2 j + 1.) It is not difficult to see that it acts on the ideal generated by P 0 , P + , and P − as another copy of V 1 . In particular, the restriction to so(3) C of the adjoint representation of e (3) is V 1 ⊕ V 1 . 
An embedding of e(3) into the Lie algebra sl(4, C) can be regarded as a representation of e(3). In particular, its restriction to the subalgebra so(3) C ⊂ e(3) is a four-dimensional representation of so(3) C .
Proposition IV.1: Let T be an embedding of e(3) into sl(4, C). The restriction of T to so(3) C can only be the four-dimensional representation
Proof: The only possibilities for four-dimensional representations of so(3) C are
We ignore the case
since it can never be an embedding. Now consider the last possibility, V 3/2 . If the embedding is T : e(3) → sl(4, C), then it is possible to choose the basis so that T (H ) is diagonal. In fact, since the highest weight is 3/2, we must have
Restricting the adjoint representation of sl(4, C) to T (e(3)) gives a 15-dimensional representation of e(3), which can be further restricted to so(3) C . The weights of this representation of so(3) C are the eigenvalues of the operator defined by the commutator with T (H ). In particular, since the standard basis element E i j of sl(4, C) has weight equal to the difference of the ith and jth diagonal entries of T (H ), we see that the action of so(3) C on sl(4, C) has highest weight 3 2 − (− 3 2 ) = 3. It also has weight 2 with multiplicity 2, weight 1 with multiplicity 3, and weight 0 with multiplicity 3. This means that the action of so(3) C on sl(4, C) decomposes as
In particular, since there is only one copy of V 1 , no embedding of e(3) into sl(4, C) can have V 3/2 as its restriction to so(3) C . Table I shows the results of similar calculations for the other four-dimensional representations of so(3) C . From these results, it is easy to find the so(3) C decomposition of the restriction of the sl(4, C) adjoint representation corresponding to each of the representations
The results are given in Table II . Only the representations V 0 ⊕ V 1 and V 1/2 ⊕ V 1/2 could be the restrictions to so(3) C of embeddings of e(3) in sl(4, C).
V. EMBEDDINGS OF THE LIE ALGEBRA e(3) INTO THE SIMPLE LIE ALGEBRA sl(4, C)
In fact, there are embeddings of e(3) in sl(4, C) which restrict to these two representations of so(3) C . The first comes from the familiar embedding of the group E(3) in SL(4, C) as follows: for TABLE II. so(3) C decomposition of the sl(4, C) adjoint representation restricted to various embeddings of so(3) C .
where ω is a 3 × 3 block, v is a 3 × 1 vector, 0 is a 1 × 3 vector, and 1 is a 1 × 1 block. The corresponding embedding of the Lie algebra is as follows:
It acts on a vector
where the 4 × 4 matrix has its last row all filled with zeroes. We shall refer to this as the "geometric embedding." An embedding corresponding to the so(3) C representation V 1/2 ⊕ V 1/2 was described in Ref. 4 . We shall refer to it as the "spinor embedding." 
VI. CLASSIFICATION OF THE "GEOMETRIC" EMBEDDINGS OF THE EUCLIDEAN
An embedding of e(3) into sl(4, C) which restricts to the representation V 0 ⊕ V 1 of so(3) C , after a conjugation, can be assumed to map H, X + , and X − in so ( 
The following are then easily verified to be "geometric" embeddings of e(3) into sl(4, C):
and S L(4, C) . Further, they are the only inequivalent "geometric" embeddings of e(3) into sl(4, C).
Proof: An embedding of e(3) into sl(4, C) involves an embedding of so(3) C and also an embedding of the three-dimensional ideal P = P 0 , P + , P − . The ideal P transforms as a copy of the irreducible so(3) C representation V 1 . We shall look for copies of V 1 which are abelian subalgebras.
One obvious copy is the adjoint representation of so(3) C on 4 × 4 matrices of the form (
where X is a 3 × 3 skew symmetric matrix. Two others are
where v ∈ C 3 is a 3 × 1 vector and u ∈ C 3 is a 1 × 3 vector. Any copy of V 1 in sl(4, C) must consist of linear combinations of vectors from these spaces.
Consider the so(3) C modules, relative to the action of H , consisting of matrices of the form
Convenient weight bases for these modules are given, respectively, by
We embed the so(3) C subalgebra into sl(4, C) by mapping H, X + , and X − to H 0 , X 
Now a subspace of sl(4, C) which carries a
− must be spanned by three elements of the following form: irreducible representation (irrep)
An embedding of e(3) must include such a subspace which, in addition, is an abelian. Consider 
VII. CLASSIFICATION OF THE "SPINOR" EMBEDDINGS OF THE EUCLIDEAN ALGEBRA e(3) INTO sl(4, C)
Consider an embedding T of e(3) into sl(4, C) which restricts to the representation
of so(3) C . After a conjugation, we can assume its restriction to so(3) C is given by
As in Sec. VI, it is easy to calculate that the action of T (so(3) C ) on sl(4, C) through the restriction of the adjoint representation has weights ±1, each with multiplicity 4, and weight 0 with multiplicity 7. Accordingly, the representation of so(3) C on sl(4, C) decomposes as 4V 1 ⊕ 3V 0 . Now define the following 2 × 2 matrices, which are a basis for su(2) C ∼ = so(3) C :
Then the matrices occurring in the embedding above, Eq. (17), can be expressed in block form as
From here, it is straightforward to verify that the following is a "spinor" embedding of e(3) into sl(4, C):
Theorem VII.1: T is the only "spinor" embedding of e(3) into sl(4, C), up to conjugation by an element in S L(4, C).
Proof: Three other subspaces of sl(4, C), in addition to that described in Eq. (19), on which so(3) C acts as V 1 are spanned by the following sets of matrices, all described in block form:
IX. CONCLUSIONS
We have classified the embeddings of e(3) into sl(4, C). There are two types, which we call the "geometric" and the "spinor" embeddings, according to whether the embedding of the so(3) C subalgebra decomposes as V 1 ⊕ V 0 or as V 1/2 ⊕ V 1/2 , respectively. We have shown that there are two inequivalent geometric embeddings which are, however, equivalent under the "negative transpose" outer automorphism. We also showed that, up to equivalence by conjugation by elements of SL(4, C), there is only one spinor embedding.
As an application of the classification, we have shown that the irreducible representations V (m, 0, 0) and V (0, 0, m) remain indecomposable upon restriction to either geometric embedding of e(3). It was shown in Ref. 4 that they also remain indecomposable upon restriction to the spinor embedding.
However, it was also shown in Ref. 4 that the irreducible representation V (0, 1, 0) remains indecomposable upon restriction to either geometric embedding, but decomposes upon restriction to the spinor embedding. The behavior of other irreducible representations of sl(4, C) under restriction to embeddings of e (3) is not known to the authors.
